We present a solution for rotating black holes in massive gravity. We first give a solution of massive gravity with one dynamical metric. Both metrics of this solution are expressed in the advanced Eddington-Finkelstein-like coordinates: the physical metric has the original Kerr line element, while the fiducial metric is flat, but written in a rotating Eddington-Finkelstein form. For the bi-gravity theory we give an analogue of this solution: the two metrics have the original Kerr form, but, in general, different black hole masses. The generalisation of the solution to include the electric charge is also given, it is an analogue of the Kerr-Newman solution in General Relativity. We also discuss further possible ways to generalise the solutions.
I. INTRODUCTION
Massive gravity is a modification of General Relativity, in which the graviton acquires a nonzero mass. The study of this theory is interesting from various points of view, see the recent review [1] . It has been shown that in spite of the fact that the generic non-linear massive gravity model possesses the higher-derivative (Ostrogradski) ghost [2] , there is a subfamily of mass terms for which the Boulware-Deser ghost does not appear [3, 4] , the de-Rham-Gabadadze-Tolley (dRGT) model. In this model the helicity-0 degree of freedom, which is still present in this massive gravity model, is effectively screened locally, thanks to the Vainshtein mechanism [5] [6] [7] [8] , thus restoring General Relativity.
It is more difficult to find exact solutions in massive gravity theory than in General Relativity, due to the more complicated structure of the equations of motion. This is true, in particular, for black hole solutions. In the nonlinear massive gravity theory (with Boulware-Deser ghost) black hole solutions were found in [9] , although at that time this theory was studied in a completely different context. In the dRGT theory with one fixed Minkowski metric, a class of non-bidiagonal Schwarzschild-de-Sitter solutions was found in [7] . In bi-gravity theory (with two dynamical metrics), spherically symmetric black hole solutions were found in [10, 11] . For a particular choice of the parameters of the potential term spherically symmetric (charged and uncharged) solutions in dRGT model were given in [12, 13] . Later, a general class of charged black hole solutions, in both dRGT model and its bi-gravity extension, was found in [14] , which includes as particular cases the previously found spherically symmetric solutions. A numerical solution of a black hole with a hair in dRGT model has been found in [15] . See recent reviews on black holes in massive gravity [16] .
Due to the presence of extra degrees of freedom, the stability properties of black holes in massive gravity is different from those of black holes in General Relativity. E.g., the bidiagonal Schwarzschild solutions in massive gravity have been shown to be unstable to radial perturbations [17, 18] , with the rate of instability of order of the graviton mass (for phenomenologically interesting situations). On the contrary, the non-bidiagonal solutions are stable with respect to the same type of perturbations [19] . There is a specific choice of parameters for which the perturbations are identical to those of General Relativity [20] , i.e such black holes are stable. For these black holes the dangerous radial mode is absent, and this fact is connected to the specific choice of the parameters of the Lagrangian [19] .
So far only spherically symmetric solutions have been found in massive gravity. One obvious reason is, as we mentioned, the complexity of the equations of motion (one exception is two equal metrics: in this case any solution of General Relativity is also a solution of massive gravity, since the massive potential terms in the metric equations are trivially zero).
In this paper we present, for the first time, a class of rotating black hole solutions in massive (bi)gravity. We find solutions both for the dRGT theory with one dynamical metric and for its extension with two dynamical metrics. It proves to be helpful to use the Eddington-Finkelstein-like coordinates for both metrics (the bi-Eddington-Finkelstein ansatz we used before to study perturbations of the non-bidiagonal solutions [17] and to find charged black hole solutions [14] ). Once we put forward the bi-Eddington-Finkelstein coordinates, the calculations greatly simplify and we are able to prove that the Kerr metric in these coordinates for the two metrics (with, in general, different masses) is indeed a solution of massive gravity equations, under some conditions on the conformal factor of one of the metrics and on the bare cosmological constant(s).
II. ROTATING KERR BLACK HOLE SOLUTIONS
We first consider the original dRGT version of massive gravity [3] with one dynamical metric g, and with fixed flat metric f ,
where R[g] is the Ricci scalar for the g-metric, Λ g is the (dimensionless) bare cosmological constant, m is the mass parameter (related to the graviton mass), and U[g, f ] is the potential term. The interaction potential U[g, f ] is expressed in terms of the matrix
and it contains three parts,
where α 3 and α 4 are parameters of the theory, and,
where
The metric equations of motion, obtained by variation of the action with respect to the metric g read,
where G µ ν is the Einstein tensor built from the metric g, and T µ ν is the mass energy-momentum tensor,
We assume g to be the Kerr metric, written in the original form found by Kerr [21] ,
and r g is the Schwarzschild radius of the black hole and a is the rotation parameter. Note that these coordinates can be thought of as an extension of the Eddington-Finkelstein coordinates for rotating space-time. The Eddington-Finkelstein coordinates allowed already to extract non-bidiagonal uncharged [17, 19] and charged [14] black hole solutions in massive gravity. We take the metric f to be fixed and flat, but written in an unusual form,
This form can be obtained from the canonical Minkowski line element ds
by the coordinate transformation, t = v − r, x + iy = (r − ia)e iφ sin θ, z = r cos θ (see, e.g. [22] ), and by the subsequent replacement r → Cr, v → Cv, a → Ca.
We will show now that (5) and (7) are the solution of the massive gravity equation (3) with an appropriately chosen conformal factor C and the bare cosmological constant Λ g . First of all, since the metric g coincides with the Kerr solution, we have
Thus we have to ensure that the r.h.s. of (3) is also zero. For the choice (5) and (7) the matrix K µ ν takes a rather simple form, with each of the diagonal elements equal to (1 − C) and the only non-vanishing non-diagonal ones read,
With the above expression, after lengthy, but straightforward calculation we find from (4),
where we denoted,
and
and introduced the following notations,
Note that the diagonal part of (8) acts as an effective cosmological constant, in dimensionful units it reads Λ
This part can be cancelled by an appropriate choice of Λ g , namely,
On the other hand, both non-diagonal pieces of (8) cancel for C, satisfying the relation,
Thus, we have just shown that the metrics (5), (7) with C given by (13) are the rotating Kerr solution of massive gravity model (1) with Λ g given by (12) . It is worth to discuss the choice of the ansatz. The original form of the Kerr line element (5) for g and the Kerr-like line element (7) for the fixed metric is essential for establishing the existence of the solution. Of course, after we have found the solution in this form, it is not difficult to consider it in another coordinate system. However, in a new coordinate system the solution would have been hardly possible to guess. For example, via the coordinate change
Eq. (7) takes the familiar Boyer-Lindquist form,
However, in these coordinates the metric f does not look particularly simple,
The point is that while the transformation (14) brings the metric g to the Boyer-Lindquist form, at the same time the metric f becomes very complicated. One can do the opposite, i.e. perform the change of coordinates (14) with r g = 0 to bring the metric f to the simple canonical diagonal form at large r, ds 2 f
where we neglected terms O(r −2 ). In the same approximation, the metric g takes the following form in this asymptotically unitary gauge,
Eq. (19) is the approximate solution (up to O(r −2 ) terms) in the unitary gauge (18) . This would be not an obvious guess to start with when trying to find a solution in the unitary gauge.
Indeed, let us start with the unitary gauge (18) and try guess the solution for the physical metric g. An obvious choice would be the Kerr solution in the Boyer-Lindquist coordinates. Thus we take (16) 
Note the absence of dtdr and drdφ terms of order O(r −1 ) in (20) as compared to (19) . The metric (20) is obviously an approximate solution to the vacuum Einstein equations G µν = 0, since it is an expansion of the Kerr solution at large r. The calculation of the mass energy-momentum tensor gives
, provided that (13) holds. This means that with an appropriate choice of Λ g (in fact the one made in (12)), the metrics (18) and (19) are an approximate solution (as r → ∞) to massive gravity equations. This fact may suggest that apart from the solution (7) and (5), or alternatively (17) and (16), there is another exact solution, approximated by (18) and (19) at r → ∞. Unfortunately, we could not find it. Our naive guess would be to take f -metric to be exactly (18) and expand (16) up to the next order. As a result, however, the mass energy-momentum tensor still deviates from the effective Lambdaterm at O(r −2 ) order, provided (13) is satisfied. It is interesting to mention that the terms of the order O(r −3 ) are cancelled if the additional condition is satisfied,
In fact, in the case of spherically symmetry [14] , this condition allows to make independent coordinate transformation v → v(v, r), r → r(v, r) for each metric (as opposite to the common coordinate transformations a priori leaving the Lagrangian invariant in massive gravity). One may expect a similar situation in the case of rotation. This, however, does not happen. Indeed, for the metrics (18) and (19) the expansion of the mass energy-momentum tensor in powers of 1/r, provided (13) and (21) (18), (19) are approximate solutions up to O(r −4 ), but not an exact solution. A way to generalise the solution we found (7), (5) is to try to find the corresponding Kerr-de-Sitter solution. The Eddington-Finkelstein-like coordinates would be a starting point if we follow the logic of our paper. However, we were not able to find a convenient Eddington-Finkelstein-like form of the Kerr-de-Sitter metric. The appropriate transformation bringing the Kerr-de-Sitter solution from the Boyer-Lindquist coordinates to the Eddington-Finkelstein-like line element results in a complicated expression, which is extremely difficult to handle technically.
It is possible to generalise our result to the case of the bi-gravity extension, i.e. to make the second metric dynamical and non-trivial. In this case, an extra term, giving dynamics to metric f , should be added to the action (1), resulting in,
where R[f ] is the Einstein-Hilbert term for the metric f , Λ f is the bare cosmological constant corresponding to f (to be fixed later), and κ is a dimensionless constant, parametrising the difference in Planck masses for g and f metrics.
Besides the metric equations (3), metric f also has dynamics now,
where G µ ν is the Einstein tensor for the f metric and T µ ν is the mass energy momentum tensor for f , given by T
We take the metric g to be again the Kerr metric in the Eddington-Finkelstein-like form (5), as in the case with one dynamical metric. As for f , now we do not assume it to be flat, but of the Kerr form,
which is similar to the metric g, Eq. (5), besides the different Schwarzschild radii r f . The result of the calculation is similar to the case of one dynamical metric we studied above. In particular, the mass energy-momentum tensor entering the g-metric equations is given by (8) , with the only difference that in the expression for the non-diagonal elements r g → r g − r f . Therefore the equations of motion for the g-metric are satisfied if (12) and (13) are satisfied, as in the case of one dynamical metric. As for the equations for the metric f , the l.h.s. of (23) is automatically zero for the metric (25). The off-diagonal part of T µ ν is cancelled if (13) is satisfied by virtue of (24). The diagonal part of (23) is satisfied if the bare cosmological constant Λ f is tuned to be,
Therefore, Eqs (5) and (25) are the solution of the bi-gravity theory (22) provided that (13), (12) and (26) are satisfied.
A further way to generalise our result is to include charge, i.e. to construct an analogue of the Kerr-Newman metric. And indeed, it is not difficult to do. Let us consider the bi-gravity model (22) (to be more general) and also add the standard Maxwell term,
The ansatz for f is the same, (25), but instead of (5) we take the Kerr-Newman line element [23] in the EddingtonFinkelstein form, which reads
where r Q is the scale corresponding to the electric charge (to be fixed below in terms of the electric charge). The calculations in fact do not change much in comparison to the Kerr case, the only difference is that the Einstein tensor is not zero now, but it has some contribution to the curvature because of the charge. This contribution is cancelled by the non-trivial electric field
provided that r Q is expressed in terms of the electric charge Q as follows
Note that (29) also satisfies the Maxwell equation
As a result, we are left with the same conditions (13), (12) and (26), which ensure the validity of the metric equations (3) and (23) . Thus the metrics (28) with (30), (25) and the electromagnetic potential (29) give a solution of the massive bi-gravity theory (22) with the Maxwell matter term (27), provided that the conditions (13), (12) and (26) are satisfied. It is not difficult to see that this is also a solution for the dRGT model with one dynamical metric, in this case we only need to set to zero the mass of the f -black hole, r f = 0, so that (25) becomes (7), and omit the condition (26), since the metric f is non-dynamical.
It is worth to mention that setting the rotation parameter to zero, a = 0, the metrics (28) and (25) and the potential (29) become the solution for the static charged black hole found in [14] .
Let us also mention another (simple) solution. It is easy to see that the metrics (5) and (25) with C = 1 and r f = r g also form a solution of massive gravity equations, since in this case the massive energy-momentum tensor is automatically zero. Another, less trivial solution is (5) and (25) with r f = r g , but C = 1. In this case the mass energy-momentum is not zero, however, the non-diagonal elements vanish, since they are proportional to (r g − r f ). Thus, to satisfy (3) and (23), Eqs. (12) and (26) must be satisfied.
III. CONCLUSIONS AND DISCUSSIONS
In this paper we presented the first rotating black hole solutions in massive (bi)gravity. We first showed how to find the solution in the dRGT theory, with one dynamical metric: The metrics (5), (7) form a solution of the massive gravity theory (1), provided that (13) and (12) are satisfied.
Our key idea was to start with the metric line element in the original Kerr form (5), while the fiducial metric f is flat and written in the rotating coordinates (7), which is simply the Kerr metric with zero black hole mass. This form of the metrics allowed us to avoid heavy calculations due to a simple form of the matrix √ g µα f αν , resulting in a rather simple expression for the mass energy-momentum tensor (8) . We found then that the conditions (13) on the conformal factor C, and (12) on the parameters of the action must be verified in order to cancel the off-and on-diagonal terms of the r.h.s. of (3) .
This solution can also be extended to the case of bi-gravity, when the two metrics are dynamical. Indeed, we showed that the metrics (5) and (25) form a solution of massive bi-gravity (22) provided that (13) , (12) and (26) are satisfied.
It is also possible to further generalise the solution to include the black hole charge. The metric g in this case is given by the Kerr-Newman solution in the Eddington-Finkelstein coordinates (28), the metric f is the same as in the case of the rotating solution, (25), and the electromagnetic potential is given by (29). Provided the validity of (13), (12), (26) and (30) (which is simply a definition of r Q ), this gives a rotating charged black hole solution for the massive gravity theory (22) with the additional Maxwell matter term (27).
Another class of rotating solutions can be readily given. When the metrics g and f are proportional, i.e. for r f = r g , (5) and (25) comprise a solution of (22) , provided (12) and (26) are satisfied. In this case the off-diagonal terms in the mass energy-momentum tensor are zero thanks to the condition r g = r f . In particular, this class of solutions includes the most simple one when the two metric coincide, i.e. C = 1, r g = r f . The bare cosmological constants are zero in this case, Λ g = Λ f = 0.
We also discussed a way to generalise the presented solution to asymptotically de-Sitter space-time, i.e. to obtain an analogue of the Kerr-de-Sitter solution. We, however, were not able to find such a solution, in particular because we did not find a simple Eddington-Finkelstein-like form of the Kerr-de-Sitter metric. Another type of generalisation would be to allow the rotating parameters to differ for the two metrics, however, in this case the calculation become extremely heavy and we were not able to get the result. This, of course, does not mean that such a solution does not exist, one probably needs to find another technique to compute the mass energy-momentum tensor. These two questions would be interesting to investigate in future.
It is worth to mention the asymptotic behaviour of our solution at spatial infinity, r → ∞. In the case of one dynamical metric, by appropriate coordinate change, the metric f can be brought to the canonical flat spherically symmetric line element (up to the conformal factor), see (18) , while g in this case has (asymptotically) the form (19) . On the other hand, a naive guess for the metric g, Eq. (20) , which is the expansion of the Kerr metric in the BoyerLindquist coordinates, in fact, gives an asymptotic solution up to O(r −2 ), provided that (13) and (12) are satisfied. This is surprising, since the expansion of our exact solution (18) in unitary gauge differs from the guessed solution (20) already at O(r −1 ) order. Moreover, if we take (18) and (16) to be exact and apply the extra condition (21) , the metric equations are satisfied up to O(r −4 ). If this is not a coincidence, it may mean that there is another solution, whose asymptotic behaviour is given by (18) and (20) . It would be interesting to continue this study in future works.
Finally, a stability analysis of the found solutions should be addressed along the lines of [17] [18] [19] .
